Using the consistency relation in Fourier space, we derive the observed galaxy bispectrum from single-field inflation in the squeezed limit, in which one of the three modes has a wavelength much longer than the other two. This provides a non-trivial check of the full computation of the bispectrum based on second-order cosmological perturbation theory in this limit. We show that gauge modes need to be carefully removed in the second-order cosmological perturbations in order to calculate the observed galaxy bispectrum in the squeezed limit. We then give an estimate of the effective nonGaussianity due to general-relativistic lightcone effects that could mimic a primordial non-Gaussian signal.
This paper is organised as follows. In section II, we discuss the derivation of the observed galaxy number density and derive the consistency relation. In section III, we compare the consistency relation with the full second-order result in the squeezed limit. In section IV, we identify the gauge mode that needs to be removed from the secondorder cosmological perturbations and show that after removing the gauge mode, the full second-order result satisfies the consistency relation in the squeezed limit. We derive the expression for the observed galaxy bispectrum in the squeezed limit and compute the effective local non-Gaussianity due to general relativistic light cone effects in section V. Section VI is devoted to conclusions.
Throughout the paper, we assume that our universe is described by the Λ+Cold Dark Matter (ΛCDM) model. We fix the cosmological parameters using the Cosmic Microwave Background (CMB) constraint from the latest Planck experiment [63] : H 0 = 67.8 km/s/Mpc, Ω m0 = 1 − Ω Λ0 = 0.308.
II. CONSISTENCY RELATION FOR THE OBSERVED GALAXY NUMBER DENSITY
In this section we derive the observed galaxy number density fluctuations following [8] (see also [6, 7] ). In the perturbed universe, the observed redshift of galaxiesz is given by 1 +z = (1 +z)(1 + δz),
wherez is the redshift in the unperturbed background universe. The observed position of the galaxiesx that is inferred assuming unperturbed geodesics, is related to the true position of the galaxies x through x =x + ∆x.
The intrinsic comoving galaxy number density is defined as
where n g (x,z) is the physical number density of galaxies as a function of the true position of galaxies x. Expandinḡ z to first order in δz, we obtain a 3 (z)n g (x,z) = a 3 (z)n g (z) 1 + b e (z)δz 1 + δ g (x,z) ,
where b e is the galaxy evolution bias. The observed galaxy densityñ g (x,z) is related to the physical number density of galaxies n g (x,z) to first order as a 3 (z)ñ g (x,z) = a 3 (z)n g (x,z) 1 + δV − 3δz − QδL (x,z) ,
where we assumed a magnitude-limited sample with cumulative luminosity functionn g (z, > L) and magnification bias Q, δL is the luminosity perturbation and δV is the volume perturbation [6] . Combining equations (4) and (5), and defining the observed galaxy number density contrast as n g (x,z) =n g (z) 1 + ∆ g (x,z) ,
we obtain
Now we consider the effect of long-wavelength perturbations on the small-scale observed galaxy number density. The effect of long-mode perturbations is to introduce fluctuations of observed coordinates of the small-scale perturbations,
as well as the luminosity and volume perturbations. In the presence of long-wavelength modes, the observed galaxy density contrast on small scales ∆ gS L is given by
By expanding ∆ gS L to first order in the long-wavelength perturbation, we obtain the second-order observed small-scale galaxy number density in the presence of long modes, in terms of the observed coordinates (x,z):
where here and below we omit the tilde from observed coordinates to simplify the expressions. We decomposed ∆x i into components parallel and perpendicular to the line of sight, ∆x i = n i ∆x + ∆x i ⊥ , and decomposed the spatial derivative accordingly :
where n i is the unit vector parallel to the line of sight. The luminosity and volume perturbations are gauge invariant and thus can be evaluated in any gauge. Here we give the expressions in the Poisson gauge, where the line element is given in the vanishing anisotropic stress tensor limit by
The fluctuations of the luminosity and the volume are given by [38] 
where
are the time delay, Integrated Sachs Wolfe (ISW) and convergence, respectively, the prime indicates partial derivative with respect to η, and χ is given by x i = χn i , where x i are the observed coordinates. Note that we omitted observerdependent terms.
On the other hand δz and ∆x are gauge dependent, so that we need to specify a gauge. The local galaxy bias should be defined in the rest-frame of cold dark matter, which is assumed to coincide with the rest frame of galaxies on large scales. Thus the galaxy bias is naturally formulated in the comoving synchronous (CS) gauge, where the coordinate time is the proper time along matter world-lines and the four-velocity of matter is everywhere orthogonal to the t = constant hypersurfaces [7, 8, 25, 64] . Therefore, we use the CS gauge to obtain the expressions of these quantities:
where ∂ i v is the Poisson-gauge velocity and ξ = dη v(η ) generates the spatial gauge transformation between the Poisson and CS gauges (see Appendix A for details). They give a contribution to the observed galaxy number density of the form
However, in Fourier space, k S · k L = 0 to lowest order in k L /k S , so that this does not contribute to the consistency relation.
In the following, we will ignore the integral terms, T , I and κ, as well as the integral term in ∆x i ⊥ , in order to compare our results with [30, 39, 40] . These integral terms can be considered separately. Our expressions for ∆x and ∆x i ⊥ are different from those given in [54] because of an ambiguity in the separation between local and integral terms (see Appendix A for details).
Using equations (13), (14) and (18), (7) gives the first-order observed galaxy number density contrast:
We approximate the observed number density on small scales at second order by the Newtonian theory prediction
Up to now, we have omitted the superscript (1) for first-order perturbations, and we will continue to do so except when there is ambiguity. We use the convention X = X (1) + X (2) for second-order perturbations. In the Newtonian approximation (23) , there is no gauge ambiguity and δ g may be related to the matter density field via a simple bias relation
, where b 1 and b 2 are the linear and quadratic galaxy biases in the 'local-in-mass-density' bias model.
III. THE OBSERVED GALAXY DENSITY IN COMOVING-SYNCHRONOUS GAUGE

A. Consistency relation
We decompose ∆ (2) gS L given by (10) into six separate components, following the notation of [30, 39, 40] :
∆ gS
At second order, we need only the first-order galaxy bias relation to map the galaxy density in (25)- (30) to the matter density:
S .
1 The effect of the tidal bias, which is expected to be of the same order as that of quadratic bias, is neglected for simplicity.
Using the following equations of motion,
as well as the background equation,
we can rewrite (25), (26), (28) and (30) as follows [ (27) and (29) are unchanged]:
Here we assumed that the velocity of galaxies is the same as the velocity of dark matter that appears in (33) . These solutions can be written explicitly in terms of Φ using the solutions for δ and v in Fourier space:
In Fourier space, all the terms on the right-hand side of (24) survive in the limit k L → 0. Thus these second-order perturbations contribute to the squeezed-limit bispectrum. See section V for further details.
B. Second-order perturbations
The second-order observed galaxy number density was computed in [34] [35] [36] [37] [38] . We use the result presented in [38] [Eq. (100)]. The full expression for the number density at second order is composed of two terms:
where ∆ (2,0) g has exactly the same structure as (22) , with all perturbations being second order, and ∆
is composed of products of two first-order perturbations. ∆ 
where we neglected the integral terms as we did in our computation of the consistency relation. This does not match exactly with (36) . The discrepancy between (36) and (41) should be resolved by the second-order contribution. The relevant term in the pure second-order contribution ∆ (2,0) g in the squeezed limit is
where δ (2)CS g is in the CS gauge while v (2) is in the Poisson gauge. The second term is the second-order Kaiser redshift-space distortion (RSD). The full solutions for these perturbations are given by [65] , but we focus on the parts that contribute to ∆ (2) gS L , which are proportional to Φ 2 :
If we assume a simple bias relation δ (42) gives an additional contribution to ∆ gS Γ7 L , which spoils the agreement with the consistency relation. Also the contribution from (42) does not solve the disagreement for ∆ gS Γ8 L . In the next section, we derive the solutions for second-order perturbations in the squeezed limit using the consistency relation, and thus identify the gauge mode, which should be removed from (43) and (44) before applying them in (41) and (42).
IV. SECOND-ORDER PERTURBATIONS IN THE SQUEEZED LIMIT
The second-order contribution ∆ (2) g was computed in [38] . In the squeezed limit, we need to carefully remove the large-scale gauge mode in second-order perturbations with Gaussian initial conditions. As discussed in [58] [59] [60] , this procedure makes the use of "short-long" splitting, where local coordinates are defined within a patch whose size is much larger than the typical halo but much smaller than the maximum observable scale. The curvature perturbation on scales much larger than the patch (but smaller than the observable scale) modulates the patch matter overdensity, leading to a relativistic correction with an effective f GR NL = −5/3. However, this effect cancels out in the halo or galaxy overdensity, when perturbations are evaluated at a fixed local scale, rather than fixed global scale. Indeed, the small-scale density at a fixed local physical scale is independent of the long-wavelength perturbation and the long-mode has no effect on the small-scale variance of the halo or galaxy density field smoothed on a fixed mass scale. There is no coupling of short-and long-modes in the absence of primordial non-Gaussianity -apart from the coupling induced by projection (lightcone) effects.
In this section, we derive the second-order perturbations in the CS and Poisson gauges using the consistency relation in real space, as opposed to Sec. III, where we used the consistency relation in observational space. In this way we can identify the gauge mode in the second-order perturbations and remove it in order to resolve the discrepancy found above in (41) and (42) .
We start from the first-order perturbations. The line element is given by
Under the gauge transformatioñ
the metric perturbations transform asΨ
while the matter perturbations transform asṽ
The comoving curvature perturbation is defined as
where we used the solution (39) for v and B = 0 in the Poisson gauge.
Now we consider the transformation [46, 66] 
where λ is constant. The field equations in the Poisson gauge are invariant under these transformations in the long-wavelength limit. Thus these transformations generate long-wavelength perturbations in the Poisson gauge that automatically satisfy the field equations. To see this fact explicitly, we consider the perturbations generated by these transformations:
Using equations (52) and (55), we find
The metric perturbations (55) and matter perturbations (56) indeed agree with the solutions in the Poisson gauge in the long-wavelength limit. The temporal gauge transformation in (53) corresponds to the transformation from the CS gauge to the Poisson gauge. If we set = 0, these transformations generate long-wavelength perturbations in the CS gauge.
Consider now the second-order perturbations. First we derive the second-order density perturbations in the CS gauge by setting = 0. The spatial dilatation (54) generates a density perturbation at second order; the general form of the transformation is given in [67] , which leads to
Using the solution (39) for δ and assuming a scale-invariant power spectrum for Φ, we obtain
This agrees with the squeezed limit of the second-order density in the CS gauge, i.e. (43) . Next we derive the velocity in the Poisson gauge at second order. The transformations (46) generate a second-order velocity from the first order velocity; using [67] again 2 , we find that
The first contribution coming from the temporal transformation (53) gives
The second contribution on the right-hand side of (60), from the spatial dilatation (54) , is given by
Assuming again scale invariance of Φ, we obtain
Combining (62) and (63), the second-order velocity perturbation is obtained as
This agrees with the squeezed limit of the second-order velocity in the Poisson gauge, i.e. (44) . We are now in a position to identify the gauge mode in the second-order perturbations. The curvature perturbation contains long modes whose wavelengths are larger than the observed region of the universe. These long modes should be absorbed in background coordinates by a spatial dilatationx i = (1 + ζ)x i . This is equivalent to removing the second-order perturbations generated by the spatial dilatation, δ (2)(λ) and v (2)(λ) . Then, neglecting terms of order k 2 L /k 2 S , the second-order perturbations in the squeezed limit become
The second-order RSD gives a contribution to ∆
(1,1) g Γ8 :
Adding this contribution to ∆
(1,1) g Γ8 , we can show that the second-order result agrees with the consistency relation, by using
V. OBSERVED GALAXY BISPECTRUM IN THE SQUEEZED LIMIT
In this section, we compute the observed galaxy bispectrum in the squeezed limit in a single-field inflation universe, following [30] . The bispectrum of the observed galaxy number counts at fixed redshift is defined by
= ∆
(1)
In the squeezed configuration, to lowest order in k L /k S ,
where φ is the azimuthal angle and µ a =k a · n. Note that, since we work in Cartesian Fourier space, we use the plane-parallel approximation, and therefore neglect wide-angle effects [9, 39] . In Fourier space, ∆
g given in (22) becomes [30] ∆ (1)
where γ a (z) are given in Appendix B. At second order, the kernel for the Newtonian part (23) is [30] 
where F 2 and G 2 are given in Appendix B. The Fourier space kernel for ∆ gS L follows from the general kernel given in [40] :
where the Γ I (z) are given in Appendix B.
Using the above, we find that the observed galaxy bispectrum in the squeezed limit is given by
where we made the following definitions to simplify the expression:
For simplicity, we focus on the monopole contribution to B g ,
The Newtonian contribution to the squeezed bispectrum monopole is B 0 . Now we are in a position to compare the monopole of the relativistic galaxy bispectrum in a universe with Gaussian initial conditions, (77), to the monopole of the Newtonian galaxy bispectrum with primordial local non-Gaussian initial conditions. (A similar comparison for the power spectrum was made in [8] .) The local non-Gaussianity is defined in terms of the primordial gravitational potential by
where ϕ G is the Gaussian gravitational potential, related to the linear density contrast in CS gauge by
In the case of the power spectrum at linear order, f NL arises only in the scale-dependent linear galaxy bias, while for the bispectrum, f NL arises in [68, 69] • the second-order matter density contrast, via
• the second-order peculiar velocity, via
• the scale-dependent galaxy bias:
where the non-Gaussian shift N 2 describes the effect of the change in gravitational potential due to a shift in galaxy positions from the initial position in the Lagrangian frame [69] . The new bias parameters are b 01 = f NL c 01 , The monopole of the Newtonian galaxy bispectrum with f NL = 0 in the squeezed limit is [69]
where B N0 = B 0 and
It is sufficient to compare (87) and (77) In order to compute this effective parameter, we need to specify the astrophysical parameters b 1 , b 2 , b e , Q. At first order, the bias of many tracers can be modelled by a simple square-root dependence on redshift [70] . At second order, using a halo model technique proposed in [69] , we can relate the two bias parameters. This leads to
where b 0 is the only free parameter. We choose b 0 = 1. For simplicity, we set the magnification and evolution bias parameters to zero: Q = 0 = b e . Figure 1 (top panel) shows the reduced relativistic galaxy bispectrum in the squeezed limit,
at various redshifts, where the fractional difference relative to the Newtonian Q 0 gN is shown in the bottom panel. Lightcone effects induce corrections to the Newtonian bispectrum at > 1 % when the long mode is 5 × 10
(depending on z), and this grows for smaller k L . The redshift dependence of f eff NL , defined in (90), is shown in Fig. 2 , for varying bias parameter b 0 . It is very sensitive to the galaxy bias, and also depends on the evolution and magnification bias. The shape of the f eff NL curve is similar to that given in [54] for their t = −2 (our Q = 0) case, but note that they neglect galaxy bias and its evolution by assuming b 1 = 1 = b 2 . We should emphasise that in order to obtain an accurate estimate of f eff NL , we need to project the full bispectrum onto the bispectrum arising from primordial local non-Gaussianity. This was done by [31] , using a subset of the contributions to the bispectrum as well as the consistency relation obtained in [53] . They found f eff NL = O(1), which is consistent with the high redshift behaviour in Fig. 2 -noting that [31] also neglects galaxy bias.
VI. CONCLUSION
We derived the consistency relation for the second-order observed galaxy number density contrast. The effect of long-mode perturbations on small-scale modes is to modulate the observed coordinates of small-scale perturbations. They also introduce perturbations in observed luminosity and volume. Using this simple prescription, we were able to derive the second-order observed galaxy number density fluctuations as a product of long-and short-mode perturbations. This gives the bispectrum in the squeezed limit and it is known as the consistency relation.
The second-order observed galaxy density contrast has been computed using second-order cosmological perturbations in the literature. There is a subtlety in the computation which we highlighted and resolved. The long-mode curvature perturbation introduces a coupling between long and short modes in the second-order dark matter density and velocity. This is the consistency relation in real space. However, this is purely a gauge effect in a single-field inflation universe, since the long-mode curvature perturbation can be absorbed into the background coordinates in a small patch. The effect of the long mode reappears if we consider correlation between different patches. This is what is captured in the consistency relation for the observed galaxy perturbations. In the second-order computation, this is included in the projection effect. Thus we need to remove the squeezed limit contribution to the second-order dark matter perturbations that is generated by the spatial dilatation caused by long-mode curvature perturbations. We confirmed this by explicitly comparing the second-order result in the squeezed limit and the consistency relation.
The consistency relation provides a useful way to confirm the full second-order computation. It also serves as a consistency check for second-order numerical codes, as was shown for the cosmic microwave background bispectrum [26, [71] [72] [73] [74] .
Finally, we quantified the effective local non-Gaussianity due to the relativistic lightcone projection effects in the squeezed limit, which could potentially contaminate the primordial non-Gaussianity signal if not properly accounted for.
We express these in terms of metric perturbations in the Poisson gauge
where Ψ = −HE − E , Φ = −D + 1 3
Then (A2) can be written as 
Here we used the fact that the time-delay and redshift perturbations in the CS and Poisson gauges are related as
Then we obtain ∆x CS = ∆x P − ∂ ξ, ∆x
This is an expected result from the gauge transformation x CSi = x Pi − ξ ,i , where ξ is the spatial gauge transformation. In the main text, we ignore the time delay term T P in (A6) as an integral term. This is not equivalent to ignoring the time delay term T CS in (A2), since the time-delay term in the CS gauge contains a local velocity term, shown in (A8). In [54] , it appears that the time-delay term in the CS gauge was ignored instead of that in the Poisson gauge in (A2). This is the reason that our expressions for ∆x (and ∆x i ⊥ ) are different from those given in [54] .
